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Abstract
We discuss black hole quantization in the Wheeler-DeWitt approach.
Our consideration is based on a detailed investigation of the canonical
formulation of gravity with special considerations of surface terms. Since
the phase space of gravity for non-compact spacetimes or spacetimes with
boundaries is ill-defined unless one takes boundary degrees of freedom into
account, we give a Hamiltonian formulation of the Einstein-Hilbert-action
as well as a Hamiltonian formulation of the surface terms. It then is shown
how application to black hole spacetimes connects the boundary degrees of
freedom with thermodynamical properties of black hole physics. Our treat-
ment of the surface terms thereby naturally leads to the Nernst theorem.
Moreover, it will produce insights into correlations between the Lorentzian
and the Euclidean theory. Next we discuss quantization, which we perform
in a standard manner. It is shown how the thermodynamical properties
can be rediscovered from the quantum equations by a WKB like approx-
imation scheme. Back reaction is treated by going beyond the first order
approximation. We end our discussion by a rigorous investigation of the
so-called BTZ solution in 2 + 1 dimensional gravity.
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1 Introduction
Most papers about canonical quantum gravity are dealing with spatially compact
systems without boundaries. This allows one to skip boundary terms that would
otherwise arise from the variation of the Einstein-Hilbert action. On the other
hand, the importance of these surface terms was already emphasized by DeWitt
[1] and exhaustively discussed for spatially asymptotic spacetimes in [2, 3]. If
the spacetime is, for example, not compact, one must take care of the definition
of phase space. In general relativity a correct definition can be achieved only if
one adds appropriate boundary integrals to the Einstein-Hilbert action. A correct
definition of the classical phase space is, of course, a crucial step for the canonical
quantization procedure. Thus, a canonical formulation of quantum gravity for
spacetimes with boundaries or non-compact spatial regions, e.g. black holes, must
also include a discussion of the corresponding surface terms. In the spherically
symmetric sector of general relativity this was recently illustrated by Kucharˇ [4].
In [4] Kucharˇ explicitly shows, that the reduction of the parametrized action for
primordial Schwarzschild black holes to true dynamical degrees of freedom is only
achieved if boundary terms (in this case the ADM-mass at infinity) are taken into
account.
As is well known, surface terms play also a key role in black hole thermody-
namics. This was first discussed by Gibbons and Hawking [5] who could derive
the thermodynamical properties of black holes by a path integral formulation
of quantum gravity. They found that in the saddle point approximation the
thermodynamical laws of black holes are related to surface terms of the Einstein-
Hilbert action. A variety of investigations, exploring this relation from distinct
viewpoints, led to a deeper understanding of black hole thermodynamics (see
for example [6, 7, 8, 9, 10, 11] and references therein). Moreover, a statistical
interpretation can be derived in 2+1 dimensional gravity [12].
In recent years another kind of (semiclassical) approximation scheme has
been developed, which should also offer an alternative access to a thermody-
namical description of black hole mechanics. This scheme is formulated in the
Wheeler-DeWitt approach to quantum gravity and is strongly related to a Born-
Oppenheimer kind of approximation. It is formally given by a WKB-like expan-
sion of the state functional Ψ [13]. One big advantage of this WKB approximation
is that it connects the ‘ill-defined’ quantum equations (Wheeler-DeWitt-equation)
with the much better understood quantum field theory in curved spacetimes.
Moreover, it provides the theory of quantum gravity with a semiclassical time
function called WKB-time. This WKB-time is tied to the recovery of a func-
tional Schro¨dinger equation for matter fields on a curved background from the
Wheeler-DeWitt equation. Thus, time has to be viewed in this approach as a
semiclassical property. Consequently, the theory of quantum gravity must be
interpreted as ‘timeless’ on the full level. Until now only little attention has
been paid to boundary terms in formulating the WKB approximation. On the
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other hand, it was emphasised recently that for the recovery of black hole ther-
modynamics from the WKB approximation boundary terms have to be included
[8].
In this paper we shall give a constrained formulation of the ‘boundary states’
and illustrate how this leads to a consistent canonical quantum formulation. We
will concentrate on the case of ‘black hole boundaries’, since we are mainly in-
terested in the discussion of thermodynamical properties. Extension to other
boundaries can easily be achieved. The study will generalize the results of [8],
where only spherically symmetric black holes were discussed. Our classical de-
scription will uncover relations of the boost parameter at the bifurcation point
and the opening angle of the Euclidean spacetime with the surface gravity of
black holes. Moreover, the Nernst theorem for black hole mechanics will appear
as a simple consequence of the obtained relations. For quantization the used
constrained formulation of the boundary terms will prove to be very advanta-
geous. Nevertheless, interpretational problems still appear. These problems are
avoided in the above mentioned WKB approximation. The classical thermo-
dynamical description can be found in the highest order of this approximation
scheme. Moreover, we will demonstrate how back reaction influences the entropy
of black holes.
Our paper is organized as follows. In section 2 we give a brief review of the
Hamiltonian formulation of the Einstein-Hilbert action for compact spacetimes
M with topology Σ × IR and boundary ∂M following, with elaborations, the
work of [14]. Beyond that we explicitly discuss the Hamiltonian formulation of
the surface terms, since this is crucial for our further investigation. In section
3 the application of section 2 for the particular case of black hole spacetimes is
discussed. We shall demand M to lie within the right wedge of the correspond-
ing Kruskal diagram, and its boundary ∂M to include the bifurcation two-sphere
as well as spatial infinity, where we assume our theory to be Poincare´ invari-
ant. Section 4 is devoted to thermodynamical considerations that will relate our
Hamiltonian treatment of the surface terms with the standard results found by
other methods. It includes an explicit computation of the boundary term at the
bifurcation point. This computation will connect the boost parameter at the bi-
furcation point [15] with the surface gravity of the black hole. Next we show the
relation between the boundary degrees of freedom and the first law of black hole
mechanics by using perturbational methods discussed in [16]. Moreover, we give
a proof of the Nernst theorem for black holes, which was for a long time thought
to be violated [17]. Since a similar proof of the Nernst theorem was found in
the Euclideanized theory of gravity recently [7, 18, 19], we will relate in section
5 our results with those of the Euclidean approach. We also comment on topo-
logical considerations in the realm of the Lorentzian theory which were recently
discussed to explain the meaning of entropy for gravitating systems [8, 20]. In
section 6 we pass over to the quantum theory by Dirac’s constrained quantiza-
tion method. In contrast to the standard midisuperspace quantization this will
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now inculde also boundary constraints.2 Since it is still unclear how to extract
thermodynamical properties from the full quantum equations we shall overcome
this problem in section 7 by giving an appropriate semiclassical approximation.
This semiclassical approximation scheme connects the WKB-phase of the wave-
function with the classical laws of black hole mechanics. Going beyond the first
order of approximation leads to back reaction corrections. In section 8 we show
how our treatment works in the particular example of 2 + 1 gravity. We start
with a purely classical description of the so called BTZ black hole. This will
include a derivation of the Hamilton-Jacobi functional. Then the case of confor-
mally coupled matter fields on the background of the BTZ solution is discussed.
Moreover, it is shown how back reaction leads to corrections of entropy and tem-
perature. The derived entropy, which follows directly from the deduced boundary
terms, differs from the one given in [21]. The reason for this difference is found
to follow from contributions of the conformal coupling (which are included in our
treatment, but not in [21]). These contributions are important, since otherwise
the first thermodynamical law for black holes dM = TdS does not hold. Finally
we shall briefly comment on results in string theory, where recently a statisti-
cal interpretation of black hole thermodynamics was given (for a review see e.g.
[22]), and where a different conclusion has been drawn about the behaviour of
the entropy in the extremal cases.
2 Action and ADM Decomposition
Let M denote a four manifold of topology Σ × IR endowed with a Lorentzian
metric gµν . The derivative operator associated with gµν is called ∇µ. The bound-
ary of M consists of initial and final spacelike hypersurfaces Σ0 and Σ1, and a
timelike hypersurface B = Bt × IR [Fig. 1]. The induced metric on the spacelike
hypersurface Σ is denoted by hab, the induced metric on the timelike boundary
B by γij, and the induced metric on the edges B0 and B1 by σab. The Einstein-
Hilbert action of general relativity is in this case given by [15]:
I[M, g] = 1
16πG
∫
M
d4x
√−g (R− 2Λ) + 1
8πG
∫ Σ1
Σ0
d3x
√
hK (1)
+
1
8πG
∫
B
d3x
√−γΘ+ 1
8πG
∫ B1
B0
d2x
√
σ sinh−1 η,
where Λ is the cosmological constant. The integral between Σ0(B0) and Σ1(B1) is
an abbreviation for the integral over the hypersurface Σ1(B1) minus the integral
over the hypersurface Σ0(B0). K denotes the trace of the extrinsic curvature Kab
of the boundaries Σ0 and Σ1, and Θ the trace of the extrinsic curvature Θij for
the boundary B. The final term of our action (1) has to be included as a joint
2For a review of the state of art in the midisuperspace quantization of black holes see [4].
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Figure 1.   A spacetime manifold M with its boundaries
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Figure 2.  
ted joint J at the bifurcation point and the outer bounda-
ry B. Two spacetime dimensions are suppressed.
correction term since we are dealing with spacetimes with non-smooth boundaries
denoted by B0 and B1 [15]. Thereby
η = nµu
µ (2)
measures the non-orthogonality of the unit normals nµ to Σt and u
µ to B. The
ambiguity in the orientation of nµ and uµ is fixed by requiring that they will be
future pointing and outward pointing, respectively.
The action (1) is only well defined for spatially compact geometries but is
divergent for noncompact ones. In the latter case one first has to fix a refer-
ence background (M, g0) and then to consider the action Ireg[M, g] = I[M, g]−
I[M, g0] [19].
For the ADM decomposition we write the line element ofM in the standard
form
ds2 = −(N2 − habNaN b)dt2 + 2habNadxbdt+ habdxadxb, (3)
where N and Na denote as usual the lapse function and the shift vector. The
scalar curvature R can be rewritten by use of the Gauss-Codazzi relations as
R = R +KabKab −K2 + 2∇µ(nµK − aµ), (4)
where aµ = nν∇νnµ is the acceleration of the unit normal nµ, and R is the
scalar curvature belonging to the hypersurface Σt with induced metric hab. After
inserting relation (4) into the action (1) we can convert the integral over the
total divergence in (4) into a surface integral over the boundary ofM. Thus, the
action reads
I[M, g] = 1
16πG
∫
M
d4x
√−g
[
R +KabK
ab −K2 − 2Λ
]
(5)
4
+
1
8πG
∫
B
d3x
√−γ [Θ + uµ(nµK − aµ)]
+
1
8πG
∫ B1
B0
d2x
√
σ sinh−1 η.
Legendre transformation then leads to the standard Hamiltonian formulation of
the action
I[M, g] =
∫
dt
∫
Σt
d3x
[
pabh˙ab −NH−NaHa − 2Da(pabNb)
]
(6)
+
1
8πG
∫
B
d3x
√−γ [Θ + uµ(nµK − aµ)]
+
1
8πG
∫ B1
B0
d2x
√
σ sinh−1 η,
with the Hamilton constraint
H ≡ 8πG√
h
(
2pabp
ab − p2
)
−
√
h
16πG
(R− 2Λ) ≈ 0, (7)
and with the diffeomorphism constraints
Ha ≡ −2Dbpab ≈ 0, (8)
where pab =
√
h(Kab−Khab)/16πG are the canonical momenta conjugate to hab,
and Da denotes the derivative operator associated with the induced metric hab.
Note that the action (6) is still not written in canonical form, since the boundary
terms do not possess a canonical form. Following the computation in [14] we can
write
I[M, g] =
∫
dt
∫
Σt
d3x
[
pabh˙ab −NH−NaHa
]
(9)
+
1
8πG
∫
dt
∫
Bt
d2xN
√
σ
[
k + ω sinh−1 η (∇µvµ)
]
−2
∫
dt
∫
Bt
d2x rap
ab
σ Nb,
with ω = (1 + η2)−1/2, with the projections rµ = ω(uµ + ηnµ) of uµ onto Σt
and vµ = ω(nµ − ηuµ) of nµ onto B, with k denoting the trace of the extrinsic
curvature for the boundary Bt, and with the canonical momenta p
ab
σ =
√
σ(Kab−
Khab)/16πG evaluated on the boundary Bt.
Note that the variation of the lapse function and shift vector on the boundary
leads to the unwanted conclusion
√
σ
[
k + ω sinh−1 η (∇µvµ)
]
= 0, (10)
rap
ab
σ = 0. (11)
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This inconsistency forces one to demand that the values of the lapse function
and shift vector cannot be varied at the boundary. This corresponds to a gauge
fixation at the boundary. To get rid of this unsatisfying gauge fixation one can
perform a parametrization of lapse and shift [4]
N |Bt(t) = τ˙ (t), (12)
Na|Bt(t) = τ˙a(t), (13)
and treat in the following τ and τa as additional ‘boundary’ variables. Variation
of these variables gives then the conservation laws
d
dt
√
σ
[
k + ω sinh−1 η (∇µvµ)
]
= 0, (14)
d
dt
rap
ab
σ = 0. (15)
We may now view (9) as being written in a mixed Hamiltonian and Lagrangian
form. In order to find the Hamiltonian formulation also for the boundary terms
one has to define the canonical conjugate momenta π and πa by a standard Leg-
endre transformation. But this can only be consistently done if new constraints
are introduced:
C ≡ π − 1
8πG
√
σ
[
k + ω sinh−1 η (∇µvµ)
]
≈ 0, (16)
Ca ≡ πa + 2rbpabσ ≈ 0. (17)
These constraints must be adjoined to the action by Lagrange multipliers N |Bt
and Na|Bt :
I[M, g] =
∫
dt
∫
Σt
d3x
[
pabh˙ab −NH−NaHa
]
(18)
+
∫
dt
∫
Bt
d2x [πτ˙ + πaτ˙a −NC −NaCa] .
For simplicity we will introduce the notion of ‘outer constraint’ for constraints
existing only on the boundaries and ‘inner constraint’ for all the others. Moreover,
we shall denote the inner constraints by H, while for the outer constraints we
shall write C.
In the noncompact case one has also to take into account a background ac-
tion (as mentioned above). In this case the Hamiltonian is given by the difference
between the above computed Hamiltonian and the one computed for the back-
ground.
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3 Application to Black Holes
In the last section we have succeeded in formulating a canonical theory that also
takes into account additional degrees of freedom related to non-vanishing bound-
ary terms of the Einstein-Hilbert action. But we are still not at the point where
we can treat the particular case of black holes. Until now we have only examined
joints which are embedded in three-dimensional surfaces, whereas for black holes
we have to consider isolated joints. These isolated joints are related to hypersur-
faces beginning at the bifurcation point. Therefore, they are disconnected from
the boundary belonging to the spatially asymptotic flat region [Fig. 2]. The
Einstein-Hilbert action of general relativity is in this case given by [15]:
I[M, g] = 1
16πG
∫
M
d4x
√−g (R− 2Λ) + 1
8πG
∫ Σ1
Σ0
d3x
√
hK (19)
+
1
8πG
∫
B
d3x
√−γΘ+ 1
8πG
∫ B1
B0
d2x
√
σ sinh−1 η
+
1
8πG
∫
J
d2x
√
σ sinh−1 η,
where the last term takes into account the isolated joint. Performing now the
ADM decomposition as demonstrated in the last section, the action (19) trans-
forms into the expression
I[M, g] =
∫
dt
∫
Σt
d3x
[
pabh˙ab −NH−NaHa
]
(20)
+
∫
dt
∫
Bt
d2x [πτ˙ + πaτ˙a −NC −NaCa]
+
1
8πG
∫
J
d2x
√
σ sinh−1 η − 2
∫
dt
∫
J
d2x rn(p
mn
σ Nm).
Note that in order to fix the hypersurfaces Σt at the bifurcation point we have
to demand
N |J = 0, Nr|J = 0. (21)
The vanishing of the lapse function is thereby responsible for the cancellation of
the surface terms belonging to the total derivative in (4) evaluated for Σ0 and
Σ1 at the joint J . On the other hand, not all diffeomorphisms are forbidden at
the bifurcation point (only those which do not generate diffeomorphisms of the
bifurcation two-sphere) [7]. The presence of these non-vanishing diffeomorphisms
explains the appeareance of the last term in (20). To transcribe also the boundary
terms at J into canonical form we write∫
J
d2x
√
σ sinh−1 η = A(r+)
∫ t1
t0
dt
d
dt
sinh−1 η(t) =
∫
dt A(r+)θ˙ (22)
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with the horizon area A(r+) =
∫
J d
2x
√
σ and boost parameter θ = sinh−1 η.3
Note that η(t0) = 0 and η(t1) = η, since η(t) describes the angle between the
hypersurfaces Σ0 and Σ1. For simplicity we write
πmJ = −2rnpmnσ |J . (23)
Performing now the described parametrization at the boundary J we end with
the canonical action
I[M, g] =
∫
dt
∫
Σt
d3x
[
pabh˙ab −NH−NaHa
]
(24)
+
∫
dt
∫
Bt
d2x [πτ˙ + πaτ˙a −NC −NaCa]
+
∫
dt
[
πθθ˙ − κCJ +
∫
J
d2x
(
πmJ θ˙m −NmCmJ
)]
with additional constraints
CJ ≡ πθ − A(r+)
8πG
≈ 0, (25)
CmJ ≡ πmJ + 2rnpmnσ ≈ 0. (26)
Note that κ ≡ θ˙ = d
dt
sinh−1 η is not connected with the lapse function N |J .
Since we are dealing with black holes, we assume covariance under Poincare´
transformations at infinity. Such a Hamiltonian formulation was presented by
Regge and Teitelboim [2]. Thus we will take over their description and transform
it to the above described constrained formulation. As in their derivation we write
for the lapse function and the shift vector at infinity
N = α0 + β0lx
l, (27)
Na = αa + βalx
l, (28)
where {xl} are asymptotically cartesian coordinates and βab = −βba. This leads
to a split in the surface term
Naπ
a = −2
∫
Bt
d2x raNbp
ab
σ = αaP
a − 1
2
βabM
ab, (29)
where
P a = −2
∫
Bt
d2x(rbp
ab
σ ), (30)
Mab = −2
∫
Bt
d2x rc(x
apbcσ − xbpacσ ). (31)
3In Euclidean spacetimes this boost corresponds to a rotation and is thus also called deficit
or opening angle.
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Note that all components of α and β are functions of t only. In addition we define
P 0 =
1
8πG
∫
Bt
d2x
√
σ (k − k0) = −M, (32)
where we have used the result of [19] that the integral over kreg = k − k0 can be
identified with the negative ADM-energy M . Let us for simplicity assume here
and in the following η = 0 at B∞ = Bt, then P
0 =
∫
Bt
d2x π. The next step is to
parametrize this new form of the surface terms considering P 0, P a and Mab as
new momenta. This leads to the action
I[M, g] =
∫
dt
∫
Σt
d3x
[
pabh˙ab −NH−NaHa
]
(33)
+
∫
dt
[
P 0τ˙0 + P
aτ˙a +M
abτ˙ab − α0C0 − αaCa − βabCab
]
+
∫
dt
[
πθθ˙ − κCJ +
∫
J
d2x
(
πmJ θ˙m −NmCmJ
)]
where we have introduced the constraints
C0 ≡ P 0 +M ≈ 0, (34)
Ca ≡ P a + 2
∫
Bt
d2x
[
rbp
ab
σ
]
≈ 0, (35)
Cab ≡ −1
2
Mab −
∫
Bt
d2x rc
[
xapbcσ − xbpacσ
]
≈ 0. (36)
The action (33) with the constraints (7), (8), (25), (26), (34), (35) and (36)
presents our main result of this section. It will be used below to discuss ther-
modynamics of black holes as well as to formulate the quantized theory. To be
explicit, we will write down also the Hamiltonian
H =
∫
Σt
[NH +NaHa] d3x+
∫
J
NmCJmd2x (37)
+ κCJ + α0C0 + αaCa + βabCab
which can, of course, be immediately read off from (33).
4 Thermodynamics and Boundary States
In this section we show how thermodynamics can be extracted from the Hamil-
tonian (37). To hold our discussion as transparent as possible we shall restrict
our consideration to the particular case of Kerr black holes. Therefore we as-
sume Nµ ≡ (N0, Na) to asymptotically approach a linear combination of time
translation and rotation (with angular velocity Ω) at infinity:
N0 → N∞ = 1, Na → Ωǫabcϕbxc. (38)
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This means α0 = N∞, α
a = 0, and βab = −Ωǫabcϕc. The particular form of βab
contains
1
2
βabM
ab = Ω
∫
Bt
d2x rcǫabdϕ
d
(
xapbcσ − xbpacσ
)
= −ΩJ, (39)
where
J = ϕdLd = 2ϕ
d
∫
Bt
d2x rcǫdbax
apbcσ (40)
is the total angular momentum [2]. Thus (33) can be reduced to
IKerr[M, g] =
∫
dt
∫
Σt
d3x
[
pabh˙ab −NH−NaHa
]
(41)∫
dt
[
P 0τ˙0 + P
ωτ˙ω + πθ θ˙ −N∞C0 − ΩCΩ − κCJ
]
with
CΩ ≡ −P ω + J ≈ 0. (42)
Let us next comment on the variation of (41). The variation with respect to the
variables pab and hab leads to the equations of motion and a set of boundary terms
which are cancelled by the variation ofM , J , and A. The variation of the various
Lagrange multipliers produces the consraints Hinner and Couter. The conservation
laws M˙ = 0, J˙ = 0, and A˙ = 0 follow from δτ˙0, δτ˙ω, and δθ˙, respectively.
Finally, the variation of the boundary momenta P 0, P ω, and πθ provides the
relations τ˙0 = N∞, τ˙ω = −Ω, and θ˙ = κ. While the meaning of the Lagrange
multipliers N∞ and Ω is well-understood, the meaning of κ remains unclear. One
is thus left with the question what quantity is related to the change of the boost
parameter θ. An answer to this question can be found from the boundary term
of the bifurcation point and requires a computation of the extrinsic curvature.
To perform this calculation it is convenient to use the relation
Θ = −∇αrα, (43)
where rα denotes the outward pointing unit normal to the boundary of the hy-
persurface Σ at the bifurcation point. Note that the normal rα lies in the tangent
space of Σ and is pointing by definition in negative r-direction. This explains the
minus sign on the right hand side of equation (43). Since the evaluation of the
boundary term at the bifurcation point cannot depend on the foliation between
the initial (Σ0) and final (Σ1) hypersurfaces we assume for the following that near
the bifurcation point the time flow vector field is given by the Killing vector field
χ, which is associated with any bifurcation horizon. The lapse function N and
the shift vector Na thus satisfy
χ = Nn + ~N, (44)
where n is the unit normal vector of the hypersurfaces Σ. Since χ vanishes at the
bifurcation surface, (44) implies
N |J = 0, Na|J = 0. (45)
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Moreover, it can be shown [23]
Na
(−χαχα)
∣∣∣∣∣
J
= 0,
Na
N
∣∣∣∣
J
= 0 (46)
and
∇αN |J = −κrα, (47)
where κ denotes the surface gravity. Thus, when we approach the bifurcation
point from an arbitrary hypersurface Σ, the shift vector vanishes more rapidly
than the lapse function. Therefore, χ becomes orthogonal to Σ at the bifurcation
surface, so that
χαrα|J = 0. (48)
As (−χαχα)1/2 =
√
N2 −NaNa, the gradient of (−χαχα)1/2 is given by
∇α(−χβχβ)1/2 = N∇αN
(−χαχα)1/2 −
N b∇αNb
(−χαχα)1/2 , (49)
where the second term vanishes at the horizon because of (46). On the horizon
one has in addition the relation ∇α(χβχβ) = −2κχα between χ and the surface
gravity κ [16]. Using (46) as well as (−χαχα)|J = N2, and taking into account
equation (47), one can write for (49)
1
N
χα = −rα. (50)
Note that the last equation only holds on the horizon. Thus we cannot differ-
entiate this equation by applying ∇α. But we can apply χ[γ∇α] to any equation
holding on the horizon [17]. Differentiating (50) with χ[γ∇α] and contracting
afterwards with χγ leads to
−∇αrα = κ
N
, (51)
where also use of the Killing property ∇(αχβ) = 0 and the relation rα∇γrα = 0
was made. As expected, the trace of the extrinsic curvature is divergent at the
horizon. Nevertheless, inserting (51) into the boundary term one gets a finite
result, ∫
S2×I
d3x Θ
√−γ =
∫
S2×I
d3x κ
1
N
√−γ =
∫
dt κA(r+), (52)
where the last equality follows from the line element (3) by use of (46). Compar-
ison of the expressions (22) and (52) thus yields the relation
θ˙ = κ, (53)
which we have anticipated above with the used notation and which is the answer
to our foregoing question. We see that the boost parameter connecting the unit
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normals between two hypersurfaces Σt1 and Σt2 is given by θ = κ(t2 − t1). Since
the surface gravity κ is zero for extreme black holes, also the surface term at
the bifurcation point is vanishing in these cases. Thus, in the extreme cases the
boundary term at the bifurcation point produces no additional degree of freedom.
As this additional degree of freedom is connected with the entropy of black holes
[8], one may suspect that extreme black holes have zero entropy as well as zero
temperature. This point will be discussed further in the next section.
The next goal we shall strive for is the derivation of the first law of black hole
mechanics. This goal can be achieved by a slight modification of the perturbation
procedure described in [11, 16]. Let [hab, p
ab; τ0, τω, θ, P
0, P ω, πθ) be any initial
asymptotically flat data set satisfying the constraints and let [δhab, δp
ab; δτ0, δτω,
δθ, δP 0, δP ω, δπθ) be any smooth asymptotically flat perturbation satisfying the
linearized constraints. If the Hamiltonian is a linear combination of constraints,
it is obvious that for stationary spacetimes δH must vanish. For our Hamiltonian
this means
κ
8πG
δπθ +N∞δP
0 + ΩδP ω = 0. (54)
Note that the perturbation of hab, π
ab implies a perturbation of M , A, and J .
Use of the constraints transforms (54) into the standard relation
δM =
κ
8πG
δA+ ΩδJ. (55)
For the more general form of the Hamiltonian (37) the same consideration leads
to
κδπθ + α0δP
0 + αaδP
a − 1
2
βabδP
ab +
∫
J
NmδπJ
md2x = 0. (56)
We have thus found a generalization of the standard formula (55) (here given for
spacetimes which are Poincare´ invariant). For a discussion of the last term in
(56) see [7].
The equation (55) (or more general (56)) provides the theory with the so called
first law of black hole mechanics. The identification of κ/2π with the temperature
and A/4G with the entropy of black holes is not achieved by these means. This
still relies on the quantum field theory scattering calculation of Hawking [24] or
the path integral formulation given by Gibbons and Hawking [5].
5 Entropy, Nernst Theorem and Topology
In this section we shall reformulate the treatment of [5] to define the entropy
of black holes from the above discussed boundary states. This will also explain
how the vanishing of the boundary term is related to the zero entropy interpreta-
tion. The central point of the following investigation is the action evaluated for
stationary spacetimes (h˙ab = 0, p˙
ab = 0), which in a gravitating system must be
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viewed to describe equilibrium states. On-shell the constraints are fulfilled and
thus (41) reduces to
I =
∫
dt
[
κ
8πG
A(r+)−M + ΩJ
]
. (57)
The surface gravity κ was found to be [24]
κ = 2πβ−1, (58)
where β denotes the inverse temperature at infinity. For the definition of entropy
one can now refer to the path integral formulation. The connection between
the path integral approach and thermodynamics is obtained from the transition
amplitude < qf tf |qiti >=
∫
Dq exp(iI[q]/h¯), which in the Schro¨dinger picture
can also be written as < qf | exp[−iHˆ(tf − ti)/h¯]|qi >, where H denotes the
Hamiltonian. In the latter case the partition function can be expressed by putting
qf = qi, summation over a complete set of eigenstates, and identification of
tf − ti with −ih¯β = −ih¯/kBT (i.e. Z = tr(exp[−Hˆ/kBT ])). Applying the same
procedure to the path integral expression of the transition amplitude leads to
Z =
∫
Dq e−IE/h¯, (59)
where IE is the Euclidean action resulting from a Wick rotation t → iτ , and
where the integral is over all q’s which are periodic in τ with periodicity h¯β. In
the saddle point approximation the Euclidean action for (41) can be easily read
off from (57)(h¯ = 1):
IE = β
κ
8πG
A− βM + βΩJ. (60)
For extremal black holes the same consideration will lead to a Euclidean action
IEext = −βM + βΩJ. (61)
Moreover, in the saddle point approximation (because of (59)) the Euclidean ac-
tion IE is directly related to the thermodynamical potential of a grand canonical
ensemble via IE = −βW [5]. The total differential dW calculated from (60)
therefore reads
dW = − A
4G
dT − JdΩ, (62)
where use was made of (55) and where the identification (58) with β = T−1
was put in (kB = 1). Thus in the case of nonextreme black holes one finds the
Bekenstein-Hawking formula for the entropy:
S = −
(
dW
dT
)
Ω
=
A
4G
. (63)
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In the extreme case one has to use the total derivative of the potential defined
by (61) and thus finds
Sext = −
(
dWext
dT
)
Ω
= 0. (64)
Hence, in the extreme case one has a vanishing entropy, although the horizon
area itself is not vanishing. This is a remarkable result, which follows here from
a consistent treatment of the Hamiltonian formulation.
It is also interesting to compare our expression for the thermodynamical po-
tential W with the one found by Gibbons and Hawking [5]. In their approach
only one boundary (located at infinity) with topology S1×S2 is considered. Eval-
uation of the integral over the trace of the extrinsic curvature Kreg = K − K0
leads thereby to the potential
W =
1
2
M. (65)
The equivalence of the expression (65) with the one discussed above can be easily
derived by use of the Smarr formula
1
2
M =
κ
8πG
A+ ΩJ. (66)
Given (65), the entropy can be deduced from the standard formula
S =
(
β
∂
∂β
− 1
)
J
IE. (67)
Since the potentials defined by (60) and (65) are equivalent one must assume
M to be β-independent (∂M/∂β = 0) in the extreme cases. This ‘missing’
relation between M and β in the extreme cases appearing here from consistency
considerations is also observed in [19] and is there made responsible for a vanishing
entropy.
Let us next comment on some topological issues discussed in the Euclidean
approach and connect them to the results derived above. In the Euclidean theory
black hole spacetimes have the topology IR2 × SD−2. Near the horizon one can
take the line element to be given by [7]
ds2 = dρ2 + ρ2θ2Edτ
2 + γmn(dx
m +Nmdτ)(dxn +Nndτ), (68)
where we have chosen a polar system of coordinates for the description of IR2.
Note that ρ = 0 describes here the position of the horizon, θE is the proper angle
of an arc in IR2, and τ denotes the Killing time. Since a boost at the bifurcation
point corresponds to a rotation in the Euclidean spacetime, a ‘Wick rotation’ of
the boost parameter θ gives the Euclidean opening angle θE (explicitly, θE = iθ).
Thus we can conclude,
θE = κ(τ2 − τ1) = 2πβ−1(τ2 − τ1). (69)
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By demanding regularity for the line element (68), we thus find immediately
the period β for the τ -coordinate. This nicely displays the correlation between
regularity of the Euclidean line element and black hole temperature, as it is used
in the path integral approach [5] discussed above. For extreme black holes θE
vanishes identically and therefore the metric (68) is no longer well-defined. As a
way out one can define the line element in the extreme cases to read
ds2 = dρ2 + eρ
2
dτ 2 + γmn(dx
m +Nmdτ)(dxn +Nndτ). (70)
As a consequence of the metric (70) the position of the horizon is now given by
ρ = −∞ and belongs no longer to the manifold itself. Hence, extreme black holes
have the topology of an annulus and not of a disk (as the nonextreme ones).
Since the topology of a classical theory is a quality one tries to preserve under
quantization one here must conclude, as discussed in [7, 19], that the entropy
of extremal black holes is zero. The relation (69) derived from the Lorentzian
theory in the last section now connects the observed topology change directly with
the vanishing of the surface gravity κ. Since the temperature of black holes is
proportional to the surface gravity, the observed topology change is thus directly
related to the vanishing of the temperature.
More recently, another interpretation for the entropy of black holes was drawn
which is also connected to topological issues but this time in the Lorentzian the-
ory [8, 20]. By investigations of the Penrose diagram it is quite obvious that for
nonextreme black holes the data within call from an arbitrary slice Σ starting at
the bifurcation sphere allow not to recover the full spacetime. This drastically
differs from the extreme cases, where the maximum information is already con-
tained in such a hypersurface. Also here the change in the Penrose diagrams is
caused by the surface gravity κ.
6 Canonical Quantization
For the discussion of the canonical quantum theory of gravity we will also consider
interactions with matter fields. For simplicity we shall here represent these fields
by a minimally coupled scalar field.4 As a consequence the Hamiltonian and
diffeomorphism constraints acquire additional contributions Hφ and Haφ,
H ≡ 1
2MGabcdp
abpcd +MV [hab] +Hφ ≈ 0, (71)
Ha ≡ −2Dbpab +Haφ ≈ 0, (72)
4For a non-minimally coupling – a coupling of the scalar field not only to the metric but
also to the curvature R – we would have to consider additional boundary terms. This we shall
discuss in section 8.
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where we have for convenience introduced the DeWitt metric
Gabcd =
1
2
√
h
(hachbd + hadhbc − habhcd) (73)
and made use of the abbreviations M = 1/32πG and V [hab] = −2
√
h(R − 2Λ).
The classical theory is completely described by a set of constraints: the well-
known Hamiltonian and diffeomorphismen constraints, and a couple of extra
constraints arising from boundary terms.
Quantization is now performed in the standard formal manner by replacing all
momenta with h¯/i times (functional) derivatives and implementing all constraints
by acting on wave functionals Ψ[hab(x), φ(x), θm(x); τ, τa, τab, θ). At this point
one normally has to rely on a particular factor ordering. But since later on only
the semiclassical behaviour is considered explicitly, we do not need to fix this
ambiguity. The constraint equations read:
HinnerΨ = 0, (74)
CouterΨ = 0. (75)
Note that in contrast to the standard discussion of the Wheeler-DeWitt approach
one now has also to take into account the outer constraints (75).
To define thermodynamical properties one would like to generalize (56) to
κδ
∂Ψ
∂θ
+ α0δ
∂Ψ
∂τ
+ αaδ
∂Ψ
∂τa
− 1
2
βabδ
∂Ψ
∂τab
+
∫
J
d2x Nmδ
δΨ
δθm
= 0. (76)
Using the constraints (75), this would lead to the classical result. But as was dis-
cussed in section 4, the validity of equation (56) is based on stationary spacetimes
(as well as on certain classes of perturbation). In the classical theory stationar-
ity is provided by the existence of timelike Killing vector fields. But what this
classical property of black hole spacetimes means in the quantized theory is quite
unclear. Therefore we shall discuss in the following a semiclassical approximation,
where one can at least approximately rely on such classical features.
7 Semiclassical Approximation
Starting point for the semiclassical approximation is the distinction between
‘nearly’ classical and ‘fully’ quantum theoretical quantities. This can be com-
pared with a similar situation in molecular physics, where a dynamical distinction
between the heavy nuclei and the light electron can be profitably used to develop
the Born-Oppenheimer approximation. For our case we assume gravity to take
over the role of the slowly moving nuclei, while the matter field takes over the role
of the fast moving electrons. As is shown in [13], this qualitative difference can
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be formally introduced into the approximation scheme by choosing a WKB-type
ansatz for the state functional
Ψ = exp
(
i
h¯
S
)
(77)
and by expansion of S in powers of M,
S =MS0 + S1 +M−1S2 + ... . (78)
In the highest order (M2) one finds that S0 is independent of φ, i.e. indepen-
dent of the matter fields. In the next order (M1) one gets the Hamilton-Jacobi
equation for the gravitational field
1
2
Gabcd
δS0
δhab
δS0
δhcd
+ V [hab] = 0. (79)
This equation (together with the corresponding diffeomorphism equation) is equiv-
alent to all ten of Einstein’s field equations (here in vacuum) and therefore de-
scribes the classical solutions of general relativity – in our case the classical black
hole solutions. The solution of this equation can also be used to discuss the
meaning of classically allowed and forbidden regions [8].
In contrast to the standard discussion one finds in addition to the Hamilton-
Jacobi equation (79) the constraints:
∂S0
∂θ
− A(r+)
8πG
= 0 , (80)
δS0
δθm
+ 2rnp
mn
σ = 0 , (81)
∂S0
∂τa
+ 2
∫
Bt
d2x[rbp
ab
σ ] = 0 , (82)
− 1
2
∂S0
∂τab
−
∫
Bt
d2x rc[x
apbcσ − xbpacσ ] = 0 , (83)
∂S0
∂τ0
+M = 0 . (84)
They are easily solved by a separation ansatz
S0[hab(x), θm(x˜); τ0, τa, τab, θ) = S0[hab]+S0[θm]+S0(τ0)+S0(τa)+S0(τab). (85)
As a consequence of the discussion above, the boundary contributions to the
Hamilton-Jacobi functional are connected with the thermodynamical properties
of black holes. Using equation (56) one finds
κδ
∂S0
∂θ
+ α0δ
∂S0
∂τ0
+ αaδ
∂S0
∂τa
− 1
2
βabδ
∂S0
∂τab
+
∫
J
Nmδ
∂S0
∂θm
d2x = 0. (86)
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Note that this relation only holds if the classical black hole spacetime described by
S0 possesses a timelike Killing vector field. For equilibrium states, such a timelike
Killing vector field must exist for every order of our approximation scheme. Thus,
the generalization of (56) from order to order should lead to the corresponding
thermodynamical description.
In the next order (M0) one finds by introducing the wave functional
χ = D[hab] exp (iS1/h¯) , (87)
the local functional Schro¨dinger equation
ih¯Gabcd
δS0
δhab
δχ
δhcd
≡ ih¯ δχ
δT = Hφχ (88)
for quantum fields propagating on the classical spacetime described by S0. The
functional D is thereby chosen in such a way that it obeys the standard WKB
prefactor equation [13]. Taking into account the boundary terms we find that S1
is independent of all gravitational boundary variables, while surface terms of the
matter fields would lead to an additional contribution. If there are no additional
surface terms of the quantum fields, the thermodynamical properties of the black
hole will remain unchanged at first glance.
Until now there is one weak point in our discussion – our fixation procedure
of the hypersurface at the bifurcation point presupposes the knowledge of its po-
sition. This horizon position r+ we had to put in by hand. This intervention by
hand also fixes the thermodynamical properties of our theory. One thus has to
find a way to define the position of the horizon in every order of approximation. In
the orderM0 this can be achieved with the semiclassical Hamilton-Jacobi equa-
tion discussed in [13]. To define this ‘corrected’ equation one has to decompose
the functional χ into
χ ≡ C exp (iϑ) (89)
and write the Hamilton-Jacobi equation (79) up to order M in the form
1
2MGabcd
(
M δS0
δhab
+
δϑ
δhab
)(
M δS0
δhcd
+
δϑ
δhcd
)
+MV [hab]− δϑ
δT +O(M
−1) = 0.
(90)
Next we take the expectation value with respect to χ and use the relation
<χ| δϑ
δT χ>= − <χ|Hφχ> (91)
to write
1
2MGabcdΠ
abΠcd +MV [hab]+ <χ|Hφχ> +O(M−1) = 0, (92)
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where we have introduced the notation
Πab ≡M δS0
δhab
+ <χ| δϑ
δhab
χ> . (93)
As is argued in [13], one has in this order of approximation to interpret the
momenta Πab as the geometrodynamical momenta. Therefore the position of the
horizon has now to be derived from the ‘back reaction corrected’ Hamilton-Jacobi
functional S˜0 given by
1
2MGabcd
δS˜0
δhab
δS˜0
δhcd
+MV [hab]+ <χ|Hφχ> +O(M−1) = 0. (94)
Note that in the above investigation we assumed the wave functional to be
in a particular WKB-state. But since the fundamental equations are linear, one
would expect arbitrary superpositions of such states to occur. It can easily be seen
that such superpositions are only possible for ‘inner’ states (solutions of the inner
constraints). The outer constraints do not allow for superpositions and must be
interpreted as describing superselection rules (fixing mass, angular momentum,
etc.). Nevertheless, since the wave functional at this order of approximation reads
Ψ ≈ eiS0χ, (95)
one could, for example, also discuss the superposition
Ψ ≈
(
eiS0[hab]χ+ e−iS0[hab]χ¯
)
eiS0(θ,τa,...). (96)
This state could naivly be called a “superposition of a black hole with a white
hole”. As was shown in [25] for a two-dimensional dilaton gravity model, such
superpositions are suppressed by decoherence. Decoherence is caused by the pres-
ence of a huge number of irrelevant degrees of freedom. In [25] it is argued that
even the correlation between Hawking radiation (viewed there as the irrelevant
degrees of freedom) and the black hole can lead to decoherence. Thus in this
sense the various semiclassical components should become dynamically indepen-
dent by radiation of the black hole itself. This would give additional support to
the above consideration of particular WKB-states.
After this very general discussion one would now like to consider the partic-
ular example of 3+1 dimensional black hole solutions. But since no consistent
derivation of back reaction exists in four dimensions, one has to look out for a
more simple model. As we will see in the next section such a model exists in 2+1
dimensional gravity.
8 BTZ Black Holes as an Example
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8.1 Classical Description
Some years ago a black hole solution in 2 + 1-dimensional gravity was discov-
ered [26]. Since these BTZ black holes are embedded in a ‘well-understood’
3-dimensional gravity theory, they have provoked particular interest in the last
few years [27]. Recently attempts were made to study back reaction on their ge-
ometry by matter fields [28]. An exact solution of the corresponding semiclassical
Einstein equation was found for the special case of conformal fields [21]. For this
reason, 2 + 1 gravity provides a good model for our purposes. To connect this
model with our discussion above, we shall first of all construct the corresponding
Hamilton-Jacobi functional for the classical, matter free theory.
We start from the action
I =
1
2
∫
d3x
√−g
[R+ 2l−2
λ
]
+ Ib (97)
without any matter field. Note, that −l−2 denotes the cosmological constant and
that Ib stands for an appropriate boundary term. Note also that in this subsection
we shall for simplicity use units in which λ = 8πG = 1. Given the action, we have
to perform the ADM decomposition next. Let us therefore denote the induced
metric on the two-dimensional hypersurfaces Σ by
dσ2 = L2dr2 + 2Q2drdφ+R2dφ2. (98)
Restriction to axisymmetric solutions then leads after some calculations to the
constraints
H˜ ≡ −ΠLΠR
LR
+
1
4Q2
Π2Q −
1
(det σ)2
[
Q6
d
dr
(
RR′
Q2
)
− R3L3 d
dr
(
R′
L
)]
− l−2 ≈ 0,
(99)
D˜r ≡ 1
2
Q′ΠQ − 1
2
QΠ′Q − LΠ′L +R′ΠR ≈ 0, (100)
D˜φ ≡
(
Q2
L
ΠL
)′
+
(
R2
2Q
ΠQ
)′
≈ 0. (101)
The last constraint can immediately be integrated and gives the relation
ΠQ = − 2Q
3
LR2
ΠL +
Q
R2
J, (102)
where J/2 is the corresponding integration constant. Inserting this relation into
the Hamilton constraint (99) and demanding Q ≡ 0 the above constraint system
reduces to
H ≡ −ΠLΠR + L
4R3
J2 +
R′′
L
− L
′R′
L2
− LRl−2 ≈ 0, (103)
Dr ≡ −LΠ′L +R′ΠR ≈ 0. (104)
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Note that the restriction Q ≡ 0, which leads to a simplification of the constraint
system, can only be done after inserting (102) into (99). For the new constraints
one can construct the corresponding Hamilton-Jacobi functional in the way de-
scribed in [8]. It reads
S0 = ±LB ∓ R′ ln
[
2R′
(
B +
R′
L
)]
, (105)
where
B =
(
R′2
L2
+M − J
2
4R2
− R
2
l2
)1/2
, (106)
and where the integration constant M can later be identified with the ADM-
mass. Note that for λ = 1 the ADM-mass M is dimensionless. Remarkably, the
ADM-mass can on-shell be read off from the functional
M(r) = Π2L +
J2
4R2
−
(
R′
L
)2
+
R2
l2
. (107)
This functional is an exact analogon to expressions found for 1+1 dimensional
dilaton gravity and for the spherically symmetric sector of Einstein gravity [8].
It can be used to determine the position of the horizon for arbitrary parametriza-
tions. One obtains the condition [8](
R′
L
)2
− Π2L = 0. (108)
Once the Hamilton-Jacobi functional is given, it is straightforward to deduce an
explicit expression for the metric. Choosing R(r) = r one recovers the BTZ black
hole solution [26]
ds2 = −Fdt2 + F−1dr2 + r2(Nφdt+ dφ)2 (109)
with
F = −M + r
2
l2
+
J2
4r2
, (110)
Nφ = − J
2r2
. (111)
The black hole horizon following from (108) or (110) reads
r± = l
M
2
1± [1− ( J
Ml
)2]1/21/2 . (112)
The entropy is determined by the boundary term which here reads
Ib = −2π
∫
dt
[
πθθ˙ + P
0τ˙0 + P
ωτ˙ω − κCθ −NC0 −NφCω
]
(113)
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with
Cθ ≡ πθ − 2r+ ≈ 0, (114)
C0 ≡ P 0 +M ≈ 0, (115)
Cj ≡ −P ω + J ≈ 0. (116)
Integration of t up to β = 2π/κ leads then to an entropy
S = 4π2r+. (117)
Thus, for J = 0 the entropy is explicitly given by S = 4π2
√
Ml. From the
standard relation T = −(g′tt)r+/4π (gttgrr = −1) the temperature is (J = 0):
T =
√
M
2πl
. (118)
Note that the Smarr formula for the BTZ solutions reads 2M = TS, which follows
immediately from the Euler theorem for homogeneous functions.
8.2 Conformally coupled Matter Fields
To introduce (conformally coupled) matter fields we consider the following action:
I =
1
2
∫
d3x
√−g
[
R + 2l−2
λ
− gµν∇µψ∇νψ − R
8
ψ2
]
. (119)
As in the last section one could start to perform the ADM decomposition. But
this leads to a rather complicated system of constraints, for which we weren’t able
to construct the Hamilton-Jacobi functional. On the other hand for a consistent
choice of ψ [29] one finds in the spherically symmetric case the solutions
ds2 = −F (r)dt2 + F (r)−1dr2 + r2dθ2, (120)
with
F (r) =
1
l2
[
r2 − 3B2 − 2B
3
r
]
, (121)
ψ(r) =
√
8B
λ(r +B)
. (122)
B is here an arbitrary constant. The horizon of these solutions is at
r = 2B ≡ r+, (123)
and the thermodynamical quantities are [29]
T =
9r+
16πl2
, S =
8π2r+
3λ
. (124)
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In [29] it is noted ‘that the entropy differs by a factor 2/3 from the “area law”
4π2r+/λ’. Our above consideration now suggests that this deviation from the
“area law” is a consequence of the conformal coupling of the matter field.5 In
this case one has to take into account an additional boundary term, which leads
to
S =
4π2r+
λ
(
1− ψ(r+)
2
8
λ
)
=
8π2r+
3λ
. (125)
Note that in our notation of the last section we have λ = 1, whereas in [29] one
has λ = 1/8π. Note also that again the Smarr formula 2M = TS holds.
8.3 Semiclassical Description and Back Reaction
To introduce back reaction we study the matter action (119) with λ = 1. The
corresponding renormalized expectation value of the stress-tensor is calculated
in [21] and reads for the so-called transparent boundary condition (in the case
J = 0)
< Tµ
ν >=
lpM
3/2A(M)
R3
diag(1, 1,−2), (126)
with lp = λ/8π and where
A(M) ≡ 1
2
√
2
∞∑
n=1
cosh 2nπ
√
M + 3
(cosh 2nπ
√
M − 1)3/2 . (127)
This leads to a contribution to the Hamilton constraint (103). This additional
contribution can immediately be incorporated if one recalls that the Hamilton
constraint can be read off from the projection of the Einstein equation onto the
normal to Σ. One gets
H¯ ≡ −Π¯LΠ¯R + R
′′
L
− L
′R′
L2
− LRl−2 − L
R2
lpM
3/2A(M) ≈ 0, (128)
D¯r ≡ −LΠ¯′L +R′Π¯R ≈ 0, (129)
where the use of ‘bared’ quantities is meant to distinguish between the ‘uncor-
rected’ (103,104) and the back reaction-corrected treatment. The corresponding
Hamilton-Jacobi solution now reads
S¯0 = ±LB¯ ∓R′ ln
[
2R′
(
B¯ +
R′
L
)]
(130)
where
B¯ =
(
R′2
L2
+M − R
2
l2
+
2lp
R
M3/2A(M)
)1/2
. (131)
5 The same conclusion follows from the Noether charge consideration of black hole entropy
[16, 30, 31]
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Interestingly enough the value of the ADM mass is not changed by the back
reaction of the matter field [21]. From (131) we find for the horizon
r¯+ =
√
Ml
(
1 +
lp
l
A(M)
)
, (132)
where the second term is a lp correction in the sense of the above discussed
semiclassical approximation scheme. Thus the entropy reads
S¯ = 4π2r¯+
(
1− < ψ
2 >
8
)
. (133)
Note that we have introduced the boundary term of the conformal coupling by re-
placing ψ2 with < ψ2 >, since otherwise this term would lead to an inconsistency
with the quantum theoretical description of the matter field6. The temperature
for the black hole solution (130) is, up to order O(l2p),
T¯ =
√
M
2πl
(
1 + 2
lp
l
A(M)
)
. (134)
Since A(M) is a complicated expression in M , the entropy S¯ is no longer a
homogeneous function in M . Thus one cannot expect the Smarr formula 2M =
TS to hold anymore. On the other hand, the first thermodynamical relation
dM = T¯ dS¯ must be valid by construction. This leads to the consistency condition
dS¯/dM = 1/T , which determines the value of < ψ2 > at the horizon. Evaluation
of S˜ =
∫
dMT−1 up to order O(l2p) and comparison with the expression (133) for
S¯ in the case of M ≫ 1, i.e. A(M) ≈ exp(−π√M)/2, gives
< ψ2 >r+≈ 4
lp
l
exp(−π
√
M)
(
1− 2
π
√
Ml
)
. (135)
Thus the entropy reads
S¯ = 4π2
√
Ml + 4π
lp
l
exp
(
−π
√
M
)
+O(l2p) (136)
Recall that ‘per definition’ our semiclassical description is only valid if gravity
behaves classically. This naturally implies the considered limit M ≫ 1.
Using on the other hand the relation between the two point function and the
appropriate Green function [28, 32], < ψ2 >= 1
2
limx→x′ Greg(x, x
′), one receives
for the considered transparent boundary condition
< ψ2 >=
1
4
√
2πl
r+
r
∑
n 6=0
{
cosh(2π
√
Mn)− 1
}−1/2
(137)
6The same ansatz was suggested recently from a different point of view [33].
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For M ≫ 1 only the n = ±1 contributions of the sum have to be considered.
One gets
< ψ2 >r+≈
1
2π
1
l
exp(−π
√
M) = 4
lp
l
exp(−π
√
M), (138)
where we have used lp = λ/8π = 1/8π. In the case of M ≫ 1 this expression
equals (135). Thus consistency of the formula (133) for M ≫ 1 is shown.
Let us emphasize that our result for the entropy differs from the result found
in [21], where no contribution from the non-minimally coupled matter field was
respected. But this contribution has to be taken into account since otherwise the
relation dM = TdS does not hold.
9 Final Remarks
In this paper we have discussed the canonical quantization of spacetimes with
boundaries. A key role in our investigation is played by additional degrees of
freedom arising from surface terms. We have shown how these additional degrees
of freedom are connected with standard relations of black hole thermodynamics.
Moreover, we have given a derivation of the Nernst theorem. In the quantum
theory the thermodynamical properties are rediscovered in the first order of a
WKB-like approximation scheme. Going beyond the first order of this approxi-
mation leads to back reaction effects. We have shown how these back reaction
effects alter the thermodynamical properties. We in particular have discussed
how our treatment works in the case of the BTZ solution in 2+1 dimensional
gravity. Moreover, this example has provided useful insights into the correlation
between boundary terms and entropy.
Let us note, that another approach which is in some aspect similar in the
interpretation of entropy is the Noether charge derivation [16, 30, 31]. From the
Noether charge approach one would, for example deduce similar conclusions we
have drawn for the particular example of the BTZ model. Since the Noether
charge interpretation of black hole thermodynamics is valid for all diffeomor-
phism invariant theories, we expect the same for our consideration, although no
generalization of the WKB approximation for arbitrary diffeomorphism invariant
theories exists. Whether such a generalization also leads to an analog of the
semiclassical Hamilton-Jacobi equation is an open issue. If this is the case one
could, of course, capture back reaction in the above described way.
Note also that for the discussion of back reaction from Hawking radiation one
has to generalize the given thermodynamical description to at least quasi station-
ary spacetimes. But even in the case of radiating black holes, the stationarity
assumption should be valid as long as the black hole mass is much bigger than
the Planck mass.
As it was recently pronounced [22] it is somehow ironic that of all things, new
developments in string theory (which seem to provide a statistical explanation
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for black hole thermodynamics) have led to a contrary result for the entropy of
extremal black holes. In these developments the statistical interpretation was
achieved by counting so called BPS states in the weakly coupled string theory.
This counting was explicitly done for extremal and nearly extremal black holes
and led to the Bekenstein-Hawking formula S = A/4G, whereas for non extremal
black holes a consistent counting is still elusive. Until now a satisfying explanation
for the differing conclusions between the canonical theory of gravity and string
theory has not been given. Nevertheless, first attempts where made and they
seem to suggest that modification from string scales may play an important role
even if the curvature of the Euclidean solution is everywhere small (in this case
string corrections should be negligible) [22]. It would be interesting if such string
modifications could be connected with observations made by Davies [34] who
found a phase transition for Kerr black holes at J/M ≃ 0.68 and Reissner-
Nordstro¨m black holes at q/M ≃ 0.86. If such a correlation could be derived
it would be a beautiful improvement for the acting in unison of string theory
and general relativity. Of course, at the same time one again would be faced
by the Nernst theorem, which then would be manifestly broken in string theory.
But since new investigations seems to suggest that the Nernst theorem is also
violated for a ideal boson gas which is confined on a circular string [35], this may
indicate that the Nernst formulation of the third law of thermodynamics will lose
its fundamental role in string theory.
However, since black hole thermodynamics seems to be the only vague glimpse
we get from the quantum theory of gravity, contrary results between different
approaches are of inestimable value and should be viewed as a chance to stake
off the appropriate camp for quantum gravity.
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